Introduction to Optimization - Midterm 1

In what follows, f : RV — R is L-smooth and u-strongly convex, with L, u > 0.

Note: By Proposition 5.45 of the Lecture Notes (also Slide 6 of Lecture 6),! for every x,y € RV, we have

f(@) 2 fy) + VI@) - (@ —y) + Slle -yl (1)

1. Show that there exist constants a > 0 and b,c € R such that, for every z € RY, we have f(z) >
allz)? +bljz] +c.
Fix y = 0 in (1), so that

f(x) = f(0)+Vf(0) -z + ngHQ = F0) = [IVFO) ] + 5 HxHQ
and then set a = 5, b= —||Vf(0)| and ¢ = f(0).

2. Prove that f has a exactly one minimizer.
Since f is smooth, it is continuous. From 1, f is coercive:

fmZWWP+Hﬁ‘W} as Jlal] - oo,

because a > 0. By Weierstrass’s Theorem, it has minimizers. There can be no more than one
because strongly convex functions are strictly convex. Or, directly, using (2) with z,y € argmin(f),
we get f(32 + $y) < min(f) — &||z — y||* < min(f) if z # y, yielding a contradiction.

Now, define the function g : RV — R, by g(z) = f(x) — ngHZ for z € RV,

3. Verify that ¢ is convex by using the definition.
Given z,y € RV, X € (0,1), the p-strong convexity of f gives

g+ (1= Ny) = FOx + (1= A)y) — ’5’ Az + (1 — \y|?

< Af(@) + (1= X7 (y) - PO

= Ag(@) + (1= Ng(y) + SR .p),

I
lz—yl* = 5 Az + (1 = 2y’

where R(A,z,y) = M|z]” + (1 = M)lylI* = AL = A)l|lz = ylI> = Az + (1 = Nyl =

'During Lecture 6, the students were encouraged to prove this by themselves. It is also Exercise 5.46 of the Lecture Notes.
Anyway, this is done just as the implication i) = 4i) in Proposition 5.37: one rewrites the definition (2) as

@) - sy 2 LWFXE I ZIW) | #U=D e G4 @)+ Lo -yl as A0,

2Using 4 to prove 3 using the characterization of differentiable convex functions (so not the definition) gives half the mark.



4. Compute Vg(z) in terms of V f(z), for z € RV,
The gradient of the sum is the sum of the gradients: Vg(x) = Vf(x) — pz.

I —
5. Prove that, for every z,y € RY, we have g(y) < g(z) + Vg(z) - (y — x) + TMHZ/ — x|

The L-smoothness of f implies the formula in i) of the Baillon-Haddad Theorem, so
9 = £(y) = Syl
< @)+ V@) (- 2) + ol — g2~ P
= 9(@) + Bllall® + (Vo(@) + u2) - (v — ) + Ll — o — 2P
= 9(x) + V(&) - (s 7) + 2w~y + Alell? + - (g~ 2) — Byl
The sum of the last three terms on the right-hand side is —5 ||z — yll*.

6. What is the best Lipschitz constant you can establish for Vg7
In view of 5, and the implication i) = i) in the Baillon-Haddad Theorem, ¢ is (L — p)-smooth,
which means that Vg is (L — u)-Lipschitz. This is better than the L 4+ p that one obtains by just
considering ¢ as the sum of two smooth functions.
Bonus: It is also the best possible, since it is attained for f(z) = L|/z|/2.

1
7. Deduce that, for every z,y € RY, we have (Vg(x) — Vg(y)) - (z —y) > L—||Vg(m) — Vg)|?.
—H
We use 5 and the implication ii) = 4i7) in the Baillon-Haddad Theorem.
uL
L+p

8. Conclude that, for every z,y € RV, we have (Vf(z) — Vf(y)) - (z —y) > lz -yl +

1 2
L—Jru”Vf(fE) - Vil
Just replace Vg(-) = Vf(-) — pu(-) in 7 to obtain

(Vf(@) = VW) (@ —y) —ple—y|*> : IVf(x) = Vfy) = plz—y)|*

~ L—pu
Then develop the square on the right-hand side, and gather the similar terms to obtain
L+p 1

{L—,LJ (Vf(z)=V[f(y) (x—y) = L—pu

g L
195(2) = V1) + 7= lle = ol

Strong convexity. The function f : RV — R is u-strongly convex, for every z,y € RN and X\ € (0,1), one has

pA(1 =)

e . @

FOz+ (1= Ny) <Xf(2)+ 1 =X fy) -
Baillon-Haddad Theorem. Let f : RN — R be convex and differentiable, and let L > 0. The following statements are equivalent:
i) f is L-smooth;
ii) f(z) < f(z) +Vf(z) (z—x)+ %Hz — x||?, for all z,z € RV,
i) f(z) > fly) + Vi) (z-y)+ iHVf(x) — V£(y)|?, for all z,y € RV; and

) (Vf(z) = VI) (@ —y) > $IVFi(@) = Vi@)|? for all z,y € RN.



